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I. INTRODUCTION
Our ideas about space-time provided by General Relativity (GR) are fundamentally linked
to the classical dynamics of objects and particles. For arbitrarily small scales, say at Planck
scale, space-time can be considerably different. The transition between the ultimately quan-
tum picture and the large scale properties of the Universe can depend on fundamental
assumptions related to quantum cosmology and quantum gravity [1, 2]. Such issues concern
the very nature of time itself and of quantum probabilities [3–7], as well as the cosmological
boundary features and the initial singularity problem, and the ensued conditions for the
onset of inflation [8–14].
Aiming to set up a theory of quantum gravity, the canonical Hamiltonian formulation of
the quantum cosmology driven by the Wheeler-DeWitt (WdW) equation for a wave function
of the Universe [15] provides interesting scenarios to examine quantum effects in cosmology.
However, the absence of a complete definition for the specific properties of quantum states
resulting from this framework is in itself an obstacle for a detailed modeling of the primordial
conditions of the Universe. It follows that this set up does not provide much room for
observational implications.
The canonical WdW framework itself gives rise to various conceptual questions. One of
them concerns the classification of infinite dimensional deformed algebras related to such
a constraint equation, a discussion particularly relevant in loop quantum gravity [16]. On
more physical grounds, the questions about the nature of time [3, 4, 7, 17, 18] stems from
the conditions from which GR yields a constraint equation [13, 15], the WdW equation, and
how it provides a clear-cut prescription for the time evolution.
In fact, classical cosmology does provide a robust insight into the understanding of the
cosmic inventory and does allow for extracting from the phenomenological data quite rel-
evant information about the existence of a dark sector that dominates the cosmic budget.
Therefore, a procedure to fit the transition from quantum to classical descriptions of the
cosmological framework is particularly relevant. In such a context, our proposal in this work
is to examine the classical cosmology arising from the Horˇava-Lifshitz (HL) [19–22] cosmo-
logical models [23–30]. Starting from quantum state solutions obtained from the HL WDW
equation, an extension to the phase-space Wigner formalism for quantum mechanics (QM)
is set up in order to provide a formulation to track the transition from quantum to classical
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descriptions.
As is well known, the derivation of testable predictions from quantum cosmology requires
systematic approximations at semiclassical level and beyond, and most often, the minisu-
perspace approximation arises from symmetry arguments to reduce the number of degrees
of freedom. Quantum cosmology in the context of minisuperspace models allows for the
construction and investigation of the behavior of the wave function of the Universe obtained
from the WdW equation. This framework deals with the relativistic space-time without a
unique Hamiltonian to generate the dynamics. In any case, despite the fact that one has
several choices for the definition of time and the ensued Hamiltonian evolution, these choices
should lead to the same physics.
Since the considered symmetries are respected at classical level and that at quantum level
they lead to a set of consistency conditions that restricts the possible choices of quantum
cosmologies, in the HL cosmologies [19] to be considered in this work, we shall be able to
quantify some of the above-mentioned issues and to create a platform for describing quantum
to classical transition scenarios.
Essentially, one assumes that the cosmological modifications due to QM can be computed
from an extended version of the Liouville equation which describes the dynamical evolution
of a quasi-Gaussian Wigner function in the Weyl-Wigner framework of QM. This framework
depicts quite well the interplay between quantum and classical variables as it effectively
takes place in constrained systems.
The key issue in the construction of the time-evolution of the quantum Wigner functions
and of their associated probability currents is that it provides a quite illustrative picture of
the quantum to classical transitions for the solutions of the WdW equation. In this con-
text, the non-trivial configuration of initial quasi-Gaussian quantum states, as Hamiltonian
eigenstate superpositions of projectable gravity scenarios according to HL cosmologies [19],
can be investigated and their effects analytically quantified. For some simplified HL cosmo-
logical dynamics, the quantum to classical transition can be characterized by quantifiers of
quantum distortion and nonclassicality, computed from Wigner currents.
Our analysis uses as a starting point the projectable HL gravity without detailed balance
in a minisuperspace quantum cosmological Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
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universe without matter1. In fact, several cosmological scenarios have been investigated
in the context of HL gravity [23–25], where projectable versions are those where the lapse
function depends uniquely on time. This implies that the non-local classical Hamiltonian
constraint of the GR must be integrated over spatial coordinates. This leads to modifications
to the Friedman equation through an additional term that behaves like dust [26], although
suppressed by integration [27]. Concomitantly, higher spatial curvature terms give rise to
new cosmological features [28–30] involving, for instance, bouncing and oscillating solutions
[31–33].
In what follows we shall consider the quantum cosmology of the HL quantum gravity
in the minisuperspace approximation [25] and study its transition to classical cosmology.
The onset of our study is the hyperbolic WdW equation [34] and its solution for the HL
gravity [25, 35], where the cosmological constant and matter components are included in
the analysis [36].
It will be shown that in phase-space the quantum system is akin to the classical behav-
ior, even though quantum properties are essential for a consistent description. In such a
context, it is relevant to notice that the transition from quantum to classical behavior is
often described with the phase-space Wigner formalism by decoherence processes [37–39].
Our analysis, however, provides results in terms of the Wigner currents and shows, through
analytical expressions for the cosmological classical limit, an exact correspondence with the
quantum cosmological description. The existence of such a quantum to classical correspon-
dence is supported by the coincidence of classical trajectories with sharp peaks of the Wigner
function, the most likely quantum region arising from a quasi-Gaussian expression obtained
from the superposition of HL quantum states.
The outline of this work is as follows. Section II is concerned with the HL quantum
cosmologies in the minisuperspace approximation as reported in the literature. The WdW
equation is re-obtained and a class of solutions which contain radiation, curvature and stiff
matter contributions is worked out. In Section III, an analytical expression for the Wigner
function with quasi-Gaussian profile is obtained as a superposition of the HL solutions. It is
pointed out that the parameters that drive the quantum superposition can be adjusted as to
1 This model exhibits the main features of the HL gravity, in a completely covariant approach [20], which
provides the detailed balance as a limiting hypothesis, being much simpler than non-projectable models
[21, 22].
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analytically fit the classical trajectories associated to the corresponding classical cosmology.
The dynamics of such a quantum to classical transition can be discussed in terms of the
Wigner flow analysis (cf. Appendices I and II) presented in Section IV, where quantum
distortions are exactly obtained from defined Wigner currents. In particular, modifications
due to the extension of the formalism to the description of models with bounces are also
discussed. The inclusion of a cosmological constant density profile component is performed
in Section V in order to modify the Wigner currents which, in this case, are perturbatively
re-obtained. A detailed analysis of the corresponding Wigner flow provides an expression for
computing the age of the Universe in terms of the stiff matter contribution. Our concluding
remarks are drawn in Section VI and they emphasize the efficiency of the Wigner formalism
in describing cosmological quantum to classical transitions.
II. HL QUANTUM COSMOLOGIES IN THE MINISUPERSPACE LIMIT
The setup for our framework is the Einstein-Hilbert action given by
S = 1
16piG
∫
d4x
√−gR, (1)
where g = det (gµν), R = Rµν gµν is the scalar curvature, and c = ~ = 1. The most general
form of a SO(4)-invariant metric in a M = R × S3 topology [40], in an homogeneous and
isotropic space-time, is given by the line element of the Robertson-Walker (RW) metric,
ds2 = −σ2
[
N(t)2 dt2 − a(t)2
(
dr2
1− g
C
r2
+ r2 dΩ2
)]
, (2)
where σ is a normalization constant, and g
C
= 0, +1, and −1 denotes the curvature corre-
sponding to R3, S3 and H3 hypersurfaces. In this case, one has
√−g = N(t) a(t)3, where the
lapse function, N(t), and the scale parameter, a(t), are arbitrary non-vanishing functions of
time, t, and dΩ2 = dθ2 + sin (θ)2dφ2.
More generically, in terms of metric components, the three-dimensional quantities used
to describe the GR in the Arnowitt-Deser-Misner (ADM) formalism [41, 42] are gij, Πij =
√−g (Γ0kl − gkl Γ0mn gmn) gikgjl, N = (−g00)−1/2, and the shift vector, Ni = g0i, where one
has the connection, Γkij, as an independent quantity, with latin indices running from 1 to 3.
Relevant to the discussion is the extrinsic curvature written as
Kij =
1
2σN
(
−∂gij
∂t
+∇iNj +∇jNi
)
, (3)
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where ∇i denotes the 3-dimensional covariant derivative, and for the metric Eq. (2),
Kij = − 1
σN
a˙
a
gij, with K = K
ijgij = − 3
σN
a˙
a
, (4)
as Ni = 0 (and gC = 1). In this case, the 3-dim Ricci tensor components and the corre-
sponding Ricci scalar are given, respectively, by Rij = 2gij/(σ
2a2) and R = 6/σ2a2.
Finally, an interesting suggestion to achieve a renormalizable quantum gravity theory at
high-energy is provided by the HL gravity, which at cosmological level is given by the action
[27, 43],
SHL = M
2
Pl
2
∫
d3x dtN
√
g
{
KijK
ij − λK2 − g0M2Pl − g1R
−g2M−2Pl R2 − g3M−2Pl RijRij − g4M−4Pl R3 − g5M−4Pl R
(
RijR
j
i
)
−g6M−4Pl RijRjkRki − g7M−4Pl R∇2R− g8M−4Pl ∇iRjk∇iRjk
}
,
(5)
where the balance of the curvature components is described by dimensionless coupling con-
stants, gi, with i = 0, . . . , 9, and MPl denotes the Planck mass. Here it is worth to mention
that the HL gravity is a framework in which the ultraviolet (UV) completion problem of GR
[19] is circumvented by turning the gravity into a power-countable renormalizable theory at
the UV fixed point. This is achieved by giving up the Lorentz symmetry at high-energies
[19, 44], assuming that GR is recovered at an infra-red (IR) fixed point scenario of the HL
gravity at low-energy scales. Such a Lorentz symmetry breaking is related to an anisotropic
scaling of space and time, r → br and t→ bzt, with b being a scale parameter and z 6= 1.
A sequence of assumptions carried out in Ref. [25] did reduce the number of degrees of
freedom of the action Eq. (5). Firstly, one notices that the GR is recovered by setting g1 =
−1, through the rescaling of the time coordinate, and by taking the limit of λ → 1, which
recovers the full diffeomorphism invariance. However, λ must be a running constant, and
there is no reason or symmetry that constrains it to the GR limit2. As for the cosmological
constant, Λ, it can be written in Planck units as Λ = g0M
2
Pl/2. Finally, isotropic and
homogeneous conditions over gij impose constraints directly into the equations of motion,
or through the substitution of the RW metric into the Lagrangian density3. Since the RW
2 Even if the phenomenology suggests that λ is quite close to unity [36].
3 In Ref. [25] the authors point to that such restrictions cannot be done over the Lagrangian unless one
properly solves the arising constraints. Otherwise, the introduction of the RW metric does not lead, in
general, to the same results obtained from the equations of motion [45].
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metric, Eq. (2), introduces an anisotropy between space and time, it does not affect the
homogeneity. Then, it can be substituted into Eq. (5) and the integration over d3x
√
det gij
gives 2pi2 so that the HL minisuperspace action [25] is re-written as
SHL =
M2Pl × 2pi2 × 3(3λ− 1)σ2
2
∫
dtN
{−a˙2a
N2
+
6a
3(3λ− 1) −
2Λσ2a3
3(3λ− 1)−
−M−2Pl ×
12
3(3λ− 1)σ2a × (3g2 + g3)−M
−4
Pl ×
24
3(3λ− 1)σ4a3 × (9g4 + 3g5 + g6)
}
.
(6)
By redefining the dimensionless constants [28]
g
C
=
2
3λ− 1 , (7)
g
Λ
=
ΛM−2Pl
9pi2(3λ− 1)2 , (8)
g
R
= 24pi2(3g2 + g3), (9)
g
S
= 288pi4(3λ− 1)(9g4 + 3g5 + g6), (10)
and choosing units simplified by the constraint σ2×6pi2×(3λ−1)M2Pl = 1, the minisuperspace
action finally reads
SHL =
1
2
∫
dt
(
N
a
)[
−
( a
N
a˙
)2
+ g
C
a2 − g
Λ
a4 − g
R
− gS
a2
]
, (11)
from which one identifies the canonical conjugate momentum associated to a as given by
Πa =
∂L
∂a˙
= − a
N
a˙, (12)
such that the HL minisuperspace Hamiltonian density becomes [25, 27]
H = Πaa˙− L = 1
2
N
a
(
−Π2a − gCa2 + gΛa4 + gR +
g
S
a2
)
. (13)
A discussion of the quantum mechanical problem resulting from the above Hamiltonian
in the context of the WdW framework is presented in Refs. [19, 25, 27, 36, 44]. One notices
that g
C
> 0 stands for the curvature coupling constant and the sign of g
Λ
follows the sign
of the cosmological constant. In addition, both of them, g
C
and g
Λ
, are related to each
other through a common degree of freedom, λ, such that the limit for the minisuperspace
GR model is recovered by setting λ = 1. The sign of the coupling constants g
S
and g
R
,
associated to stiff matter and radiation like contributions, respectively [27], does not affect
the stability of the HL gravity [19, 28].
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By following the canonical quantization strategy [13, 15], the canonical conjugate mo-
mentum is promoted to an operator [13],
Πa 7→ −i d
da
such that Π2a = −
1
aq
d
da
(
aq
d
da
)
,
where the choice of q does not affect the semiclassical analysis [46]. The classical minisuper-
space Hamiltonian is thus promoted to an operator which acts on the wave function of the
Universe ψ˜(a) such that the final form of the WdW equation (for q = 0) is then given by
1
2
(
d2
da2
− g
C
a2 + g
Λ
a4 + g
R
+
g
S
a2
)
ψ˜(a) = 0, (14)
from which one identifies the quantum potential given by
V (a) =
1
2
(
g
C
a2 − g
Λ
a4 − g
R
− gS
a2
)
. (15)
This is an one-dimensional Schro¨dinger-like equation constrained by a vanishing eigenvalue,
E = 0, for which a complete analysis of its eigenvalues has already been performed in
Refs. [25, 28]. However, the constraint, E = 0, in a certain sense, blurs the understanding of
the meaning of time in the above procedure. Given that the classical time evolution is set by
the Friedmann equation, any discussion of quantum to classical transition should take into
account the conditions for the matching between the quantum and the classical frameworks.
In quantum cosmology, the notion of time is established following different premises since,
in GR, time is observer-dependent and not absolute, and time translations are not generated
by an observable, such as the energy, but by an expression which, on physical states, is con-
strained to vanish. Time translations are part of the transformations allowed by the algebra
of the fundamental space-time symmetries [2, 16, 47]. Obtaining a consistent time definition
stems from the evolution that a system experiences after imposing some smearing conditions
into the canonical Hamiltonian formalism [48–50]. The simplest way to establish a time evo-
lution, for specific matter/field contributions, is through the so called de-parameterization
procedure: one simply picks the variable that classically depends monotonically on time and
interpret it as time itself [2, 47, 51]. On more general grounds, the absence of a covariant
treatment leads to different quantum theories and one cannot find a unitary transformation
to consistently identify how the observables vary [52–57].
Given these difficulties, it is sensible to expect that the choice of the time parameter
should not affect the physical results. The point in this manuscript, which shall be post-
poned to the discussion of the quantum to classical transitions at the end of Section III,
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is that the identification of a parametric canonical variable, τ, with the quantum mechan-
ical time, implicitly identified by a Hamiltonian correspondence with i ∂/∂τ, should be a
suitable map for the classical results so to establish a natural bridge between quantum to
classical cosmological descriptions. The association of the time parameter with the radia-
tion energy has a clearly classical appeal since, classically, the correspondence between time
and inverse square temperature of the cosmic background radiation is consistent with the
phenomenological analysis that accounts for the cosmic energy density inventory. Although
lacking a covariant framework, the association between time and temperature is consistent
with suggestions for the origin of time asymmetry according to which the arrow of time
does not reverse at an eventual contraction of the Universe [58, 59]. A consistent definition
for such an extra degree of freedom, τ, should constrain the properties of the Hamiltonian
operator. Herein, the notion of an extra degree of freedom associated to an environment set
by radiation, with an associated unitary operator, Hν ≡ i∂/∂τ, for the coordinate τ, allows
one to rewrite the wave function as ψ˜(a) ≡ ψ˜(a, τ) as to have
Hνψ˜(a, τ) = Eψ˜(a, τ), ⇒ ψ˜(a, τ) = ψ(a) exp(−i E τ), (16)
with E and τ in Planck units (cf. after Eqs. (6)-(10)). It is important to point out that,
in our approach, the correspondence between time and radiation energy provides the ele-
ments for composing a large set of energy eigenstate quantum superpositions that exhibit a
Schro¨dinger-like time evolution. In fact, the identification of the time variable in quantum
cosmology is associated to the transition from quantum to classical dynamics [60] where sev-
eral competing frameworks have been considered, either for pure states or for open systems.
Our assumption resembles operationally the effects of unimodular quantum cosmology [61]
where time arises from a secondary constraint which, once integrated, leads to an expression
similar to that of Eq. (16). In that case, the associated energy, E, is actually the cosmo-
logical constant, and the time parameter is extrinsically identified with the Hamiltonian
operator. As in our approach, the time is not an internal dynamical unconstrained phase-
space variable. Otherwise, besides the usual WdW Hamiltonian constraint written in the
form of Eq. (16), in our approach there is no additional secondary constraint as considered
in the unimodular framework. Such an interpretation for τ is not different from the inclusion
of some canonical coordinate related to additional matter/field/radiation components into
the action, with the attribute of a time variable [51, 62, 63].
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In fact, the parameter g
R
can be rewritten as g
R
= gγ + gν = gγ + 2E, in order to give
a physical meaning to the eigenvalue E, where the parameters gγ and gν are, for instance,
identified with photon and with massless neutrino contributions, respectively.
By introducing the elements of the above discussion and setting a = g−1/4
C
x, one obtains
the re-parameterized equation{
d2
dx2
− x2 − 4α
2 − 1
4x2
+ 2(α + 2n+ 1) + `x4
}
ψαn(a(x)) = 0, (17)
with ` = g−3/2
C
g
Λ
, and where one identifies the parameters α and n related to E → En =
g1/2
C
(2n+ 1), and to the coupling constants by g
R
= 2α g1/2
C
and g
S
= −(4α2− 1)/4, for the
wave function given by
ψαn(a(x)) = g
1
8
C
ϕαn(x). (18)
An exact solution of the above quantum mechanical problem can be obtained for g
Λ
= 0.
The solution is also valid for 0 . a  1 for g
Λ
6= 0 [25], however this case demands for a
perturbative treatment. For g
Λ
= 0, one has
ϕαn(x) = 2
1/2 Θ(x)Nn(α)x
α+ 1
2 exp(−x2/2)Lαn(x2), (19)
where Lαn are the associated Laguerre polynomials, Θ(x) is the step-unity function that
constrains the result to x > 0, and Nn(α) is the normalization constant given by
Nn(α) =
(
n!
Γ(n+ α + 1)
)1/2
, (20)
where Γ(s) is the gamma function. The quantum mechanical potential, as depicted in Fig. 1,
includes the contribution from the g
Λ
6= 0 term, and it is now written as
g−1/2
C
V (a(x)) ≡ V(x) = 1
2
[
x2 +
4α2 − 1
4x2
− 2α− `x4
]
. (21)
Solution Eq. (19) can be investigated in the framework of phase-space Wigner formalism in
order to provide the elements that can be compared with the classical dynamics driven by
V (a) = g1/2
C
V(x).
III. WIGNER FUNCTION FOR A QUASI-GAUSSIAN SUPERPOSITION AND
THE CLASSICAL LIMIT
The Wigner function and the Weyl transform establish an alternative framework to con-
nect quantum observables to expectation values as it provides a suitable insight into the
10
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FIG. 1: Re-parameterized potentials g−1/2
C
V (a(x)) ≡ V(x) as function of the cosmological param-
eter x = g1/4
C
a for the cosmological constant associated parameter ` = 0 (black lines) and ` = 0.022
(red lines). The behavior of the red line plots do not qualitatively change for ` 6= 0. The plots
are for α = 0 (dotted lines), 1/2 (dashed lines), 3/2 (thinest solid lines), 7/2 and 11/2 (thickest
solid lines). For α = 0 one has gS < 0 and gR = 0 which leads to an undesirable singularity,
and for α = 1/2 one has no contribution from stiff matter, gS = 0, which corresponds to the one-
dimensional harmonic oscillator limit in the Schro¨dinger equation. Horizontal dashed lines refer to
the classical energy correspondence for E = 1/2, 2 and 5.
quantum behavior and its classical limit. For a generic quantum state identified by the wave
function, fα(a), the Wigner function can be read as the Fourier transform of the off-diagonal
terms of the associated density matrix, f ∗α(a+ ya) fα(a− ya), which is given by the so called
Weyl transform,
Wα(a, Πa) =
1
pi
∫ +∞
−∞
dya exp(2iΠa ya) f
∗
α(a+ ya) fα(a− ya). (22)
This is interpreted as a real-valued quasi-probability distribution, as Wα(a, Πa) can, in
principle, assume local negative values. This formulation has the operational advantage of
exhibiting all the information content of the state vector in the phase-space, where operators,
aˆ and Πˆa, have been converted into c-numbers.
A re-dimensionalized form of Eq. (22) is written as
Wα(a, Πa) ≡ Wα(x, p) = 1
pi
∫ +∞
−∞
dy exp(2i p y) F∗α(x+ y) Fα(x− y), (23)
where one has identified: a = g−1/4
C
x, ya = g
−1/4
C
y, Πa = g
1/4
C
p, and fα(a(x)) = g
1/8
C
Fα(x),
11
such that ∫ +∞
−∞
da
∫ +∞
−∞
dΠaW
α(a, Πa) =
∫ +∞
−∞
dx
∫ +∞
−∞
dpWα(x, p) = 1. (24)
Generically speaking, to connect quantum operators to averaged observables, the trace of
the product of two operators, Oˆ1 and Oˆ2, is given by the phase-space integral of the product
of their Weyl transform [64, 65],
Tr{x,p}
[
Oˆ1Oˆ2
]
=
∫ ∫
dx dpOW1 (x, p)O
W
2 (x, p), (25)
which, in terms of the properties of the density matrix operator, ρˆ, gives
Tr{x,p}
[
ρˆOˆ
]
= 〈O〉 =
∫ ∫
dx dpW (x, p)OW (x, p), (26)
which establishes the natural generalization of the Wigner function, from pure states to
statistical mixtures, with the purity Tr[ρˆ2] given by
Tr{x,p}[ρˆ2] = 2pi
∫ ∫
dx dpW (x, p)2, (27)
where the factor 2pi is introduced in order to satisfy the constraints: Tr[ρˆ2] = Tr[ρˆ] = 1, for
pure states.
Getting back to the HL solutions with the assumed decoupling between space-like coor-
dinate, a, and time, τ, as set by Eq. (16), a time dependent version of Fα(x) ∼ Fα(x, τ) is
given by a superposition of the eigenstates from Eq. (19) as
Fα(x, τ) = NF
∞∑
n=0
cαn(τ)ϕ
α
n(x), (28)
where N
F
is a normalization constant. Once identifying the parameter g1/2
C
with an
energy quantity, ω/2, given in Planck units, T−1Pl , where TPl is the Planck time, as
to have En = ω (n+ 1/2), one can construct a quasi-Gaussian superposition if c
α
n ≡
unN−1n (α) exp(−(i/2)ωτ), with u ≡ u(β, τ) = exp(−β + i ω τ), where ωτ is a dimensionless
quantity, and β is an arbitrary weight parameter which constrains the expansion coefficients
to |u| < 1. By substituting ϕαn(x) into the above superposition, one obtains the complex
function
Fα(x, τ) = NF Θ(x)xα+
1
2 exp(−x2/2)
∞∑
n=0
un Lαn(x
2)
= N
F
Θ(x)xα+
1
2 (1− u)−(1+α) exp
[
−1
2
(
1 + u
1− u
)
x2
]
(29)
12
with
N
F
=
[
(1− e−2β)1+α
2Γ(1 + α)
]1/2
.
Then the normalized probability distribution associated to Fα is explicitly written in terms
of τ and β as
|Fα(x, τ)|2 =
2µ1+α(β,τ)
Γ(1 + α)
Θ(x)x1+2α exp(−µ(β,τ)x2), (30)
with
µ(β,τ) =
sinh(β)
cosh(β)− cos(ωτ) . (31)
Such an auxiliary function, µ(β,τ), helps one to define a comoving coordinate, x˜(β,τ) implicitly
given by
x˜2(β,τ) =
α + 1
〈Fα(x, τ)|x2|Fα(x, τ)〉 x
2 = µ(β,τ)x
2, (32)
which defines the comoving profile of an infinitesimal element of the quasi-Gaussian proba-
bility, dx |Fα(x, τ)|2 = dx˜ |Fα(x˜)|2, with
|Fα(x˜)| = 2
Γ(1 + α)
Θ(x˜) x˜1+2α exp(−x˜2), (33)
whose behavior is depicted in the first plot of Fig. 2 for several values of α.
From the above expression, one sees that it is easy to mathematically compose a Gaussian
state from a superposition of Fα functions in α, which, however, might bring some unphysical
features since different α values mix different stiff matter profiles. Nevertheless, the relevant
point is that the obtained quasi-Gaussian profile reproduces the classical trajectories in the
phase-space.
Through the calculation of the Wigner function, one can get Wα(x, p) for (semi)integer
values of α. The less interesting case, of course, corresponds to α = 1/2 for which one has
g
S
= 0 and the quantum mechanical potential is reduced to the harmonic oscillator one.
For α = 0 one has g
S
> 0, with gγ = 0. Solutions for this case (for which the quantum
mechanical potential is exhibited by Fig. 1) are not physically meaningful given the presence
of a singularity at the origin, which compromises the evolution of the quantum eigenstates
in terms of τ to an asymptotic squeezed state around a = 0.
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By substituting the expression from Eq. (29) into Eq. (23) one obtains
Wα(x, p; τ) =
2µ1+α(β,τ)
pi Γ(1 + α)
∫ +∞
−∞
dyΘ(x+ y)Θ(x− y) (x2 − y2) 12 +α
exp
(−µ(β,τ)(x2 + y2)) exp (2 i y(p+ µ˜(β,τ) x)) (34)
=
2µ1+α(β,τ)
pi Γ(1 + α)
x2(1+α) exp
(−µ(β,τ)x2)∫ +1
−1
ds (1− s2) 12 +α exp (−µ(β,τ) x2 s2) exp (2 i x s(p+ µ˜(β,τ) x)) ,
where the dependence on τ has been included through µ(β,τ) (cf. Eq. (31)) and
µ˜(β,τ) = − sin(ωτ)
cosh(β)− cos(ωτ) . (35)
In Eq. (34), the integrating variable has been simplified to y ∼ x s, which is helpful for
verifying the normalization conditions for Wα(x, p; τ) (cf. the calculations performed in the
Appendix I). By observing the function parity over the symmetric limits, the integration
can be further simplified by introducing the power series expansion,
cos(2z) =
∞∑
k=0
(−1)k 2
2k
(2k)!
z2k, (36)
and using
2
∫ +1
0
ds (1− s2) 12 +α s2k exp (−µ(β,τ) x2 s2) =
Γ(3/2 + α)Γ(1/2 + k) 1F1(1/2 + k, 2 + α + k,−µ(β,τ) x2 s2), (37)
where 1F1 is the confluent hypergeometric function of the first kind. One thus obtains the
final form of the Wigner function as
Wα(x, p; τ) =
2√
pi
Γ(3/2 + α)
Γ(1 + α)
(µ(β,τ)x
2)1+α exp
(−µ(β,τ) x2) (38)
∞∑
k=0
(−1)k (p x+ µ˜(β,τ) x2)2k
Γ(1 + k) Γ(2 + k + α)
1F1(1/2 + k, 2 + α + k,−µ(β,τ) x2 s2),
which is not very helpful given that it involves an infinite sum over k.
However, for semi-integer values of α, written as α = 1/2 + υ, with υ = 0, 1, 2, . . . , one
has the finite sum
(1− s2) 12 +α = (1− s2)1+υ =
1+υ∑
k=0
(−1)k s
2k(1 + υ)!
k!(1 + υ − k)! =
1+υ∑
k=0
Γ(3/2 + α)
Γ(3/2 + α− k)Γ(1 + k) , (39)
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which, after substitution into Eq. (34), leads to an expression that is easier to handle,
Wα(x, p; τ) =
4
pi
Γ(3/2 + α)
Γ(1 + α)
(µx2)1+α exp
(−µx2) 12 +α∑
k=0
(−1)k
Γ(1 + k) Γ(3/2 + k + α)∫ +1
0
ds s2k exp
(−µx2 s2) cos (2x s(p+ µ˜ x))
=
1√
pi
Γ(3/2 + α)
Γ(1 + α)
(µx2)1+α exp
(−µx2) 12 +α∑
k=0
x−(1+2k)
Γ(1 + k) Γ(3/2 + k + α)
dk
dµk
[
µ−1/2 exp
[
−(p+ µ˜x)
2
µ
]
(Erf[ζ(µ, µ˜)] + h.c.)
]
, (40)
with ζ(µ, µ˜) = µ1/2(x+ i µ−1(p+ µ˜x)), and where the subindex (β,τ) has been suppressed 4.
A. Coincident classical trajectories
Considering the phase-space element dΠa da ≡ dp dx and the associated Poisson brackets
given by {a, Πa}PB ≡ {x, p}PB = 1, the dynamics of the Hamiltonian associated to Eq. (17),
for ` = 0, is given by the corresponding Hamilton equations for x and p assuming that the
time dependence is driven by H = HC − E, with
H(x, p) =
g1/2
C
2
[
p2 + x2 +
4α2 − 1
4x2
− 2α
]
. (44)
The classical trajectories are characterized by the condition HC = E, and
pC = ±
[
2∆−
(
x2C +
4α2 − 1
4x2C
)]1/2
, with ∆ = α + g−1/2
C
E, (45)
4 To go further, given that the Error function, Erf[. . . ], has analytically well-defined derivatives written in
terms of Hermite polynomials, Hk−1(z),
√
pi
2
dk
dzk
Erf(z) = (−1)k−1Hk−1(z) exp(−z2), (41)
one can write
Erf
[
µ1/2
(
x+ i
p+ µ˜x
µ
)]
+ h.c =
4√
pi
exp
[
(p+ µ˜x)2
µ
] ∞∑
k=0
Hk−1
[
i µ−1/2(p+ µ˜x)
] (µx2)k+ 12
(2k + 1)!
, (42)
which leads to
Wα(x, p; τ) =
4
pi
Γ(3/2 + α)
Γ(1 + α)
(µx2)1+α exp
(−µx2)
1
2+α∑
k=0
x−2k
Γ(1 + k) Γ(3/2 + k + α)
dk
dµk
∞∑
q=0
Hq−1
[
i µ−1/2(p+ µ˜x)
] (µx2)q
(2q + 1)!
. (43)
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where E is the classical energy and the index “C” has been introduced to denote classical
quantities. The evaluation of the Poisson brackets yields
p˙C = {pC , H}PB = −g1/2C
(
x2C +
4α2 − 1
4x2C
)
, (46)
x˙C = {xC , H}PB = +g1/2C pC , (47)
where “dots” denote derivatives with respect to the classical time. Through the constraint
Eqs. (45) and (47) one has
x˙C = ±g1/2C
[
2∆−
(
x2 +
4α2 − 1
4x2
)]1/2
, (48)
which can be rewritten in terms of η = x2C as
η˙ = ±g1/2
C
[
1− 4α2
4
+ 2η∆− η2
]1/2
. (49)
By identifying the time variable with τ from the quantum framework, classical and quantum
dynamics can be compared. Solving Eq. (49), one obtains
η∓(τ) ≡ η∓(τ) = ∆∓ κ1/2 sin(ϑ+ ωτ), (50)
with ϑ arbitrary and
κ =
1
4
+ 2g−1/2
C
αE + g−1
C
E2.
For ϑ = pi/2 one has the classical solution
x2C∓(τ) = ∆∓ κ1/2 cos(ωτ), (51)
which constrains the arguments of the Wigner function, Wα(x, p; τ), to time independent
values, i.e. the stationary profile of Wα(xC (τ), pC (τ); τ) along the classical trajectory guaran-
tees that Wα(x, p; τ) returns time-dependent averaged values of the quantum observables,
x and p, that match the classical results, likewise to what happens with a Gaussian func-
tion for the harmonic oscillator problem. This can be verified by observing the dynamical
behavior of the arguments of Wα(xC (τ), pC (τ); τ),
x˜2(β,τ) = µ(β,τ)x
2
C (τ) =
sinh(β)
(
∆− κ1/2 cos(ωτ))
cosh(β)− cos(ωτ) ≡
(
α2 − 1
4
)1/2
, (52)
where µ is given by Eq. (31) and one constrains the β parameter to
β = arctanh
[
(4α2 − 1)1/2
2(α + g
−1/2
C E)
]
, (53)
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FIG. 2: (First plot) Comoving modulus of the quasi-Gaussian wave function, Fα(x˜), for the
comoving coordinate x˜. (Second plot) Suppression factor, exp(−β), for the energy parameter
E/g1/2
C
. The plots are for α = 0 (dotted lines), 1/2 (dashed lines), 3/2 (thinest solid lines), 5/2,
7/2, 9/2 and 11/2 (thickest solid lines).
which is depicted in the second plot of Fig. 2. From Eqs.(31) and (35) one also notices that
µ˙ = µ˜µω and therefore5
d
dτ
(x p+ µ˜ x2) = (µω)−1
d
dτ
(µx2) = 0. (54)
Eq.(54) gives the exact constraint on the quantum mechanical superposition that corre-
sponds to the quantum state Wα(xC (τ), pC (τ); τ), which, in its turn, reproduces the classical
profile of the evolution of the scale parameter, a: the classical cosmological solutions can be
traced back to its quantum origin.
IV. HL WIGNER FLOW AND PHASE-SPACE LOCAL QUANTUM DISTOR-
TIONS
For the phase-space described in terms of the coordinates (a,Πa), the conservation of
probabilities is translated into the continuity equation (cf. Eq. (91) from Appendix II),
∂Wα
∂t
+
∂Jαa
∂a
+
∂JαΠa
∂Πa
=
∂Wα
∂t
+ 2g1/2
C
[
∂
∂x
(
Jαa
2g
1/4
C
)
+
∂
∂p
(
JαΠa
2g
3/4
C
)]
=
1
ω
∂Wα
∂τ
+
∂Jαx
∂x
+
∂Jαp
∂p
= 0, (55)
5 In fact, after simple manipulations one shows that x p+ µ˜ x2 = 0 for the above choice of parameters.
17
where again it has been set that t ≡ τ , with 2g1/2
C
= ω, in order to recast the Wigner current
components as
Jαx (x, p; τ) = (2g
1/4
C
)−1Jαa = (2g
1/4
C
)−1 ΠaWα(a, Πa; τ) =
p
2
Wα(x, p; τ), (56)
Jαp (x, p; τ) = (2g
3/4
C
)−1JαΠa
= −(2g3/4
C
)−1
∞∑
k=0
(
i
2
)2k
1
(2k + 1)!
[(
∂
∂a
)2k+1
V (a)
] (
∂
∂Πa
)2k
Wα(a, Πa; τ)
= −1
2
∞∑
k=0
(
i
2
)2k
1
(2k + 1)!
[(
∂
∂x
)2k+1
V(x)
] (
∂
∂p
)2k
Wα(x, p; τ). (57)
where V(x) is given by Eq. (21), and the overall multiplying factor (an one-half factor in the
final form for this case) is not relevant and can be absorbed by the normalization definitions
of the parameter ω. The above phase-space vectors follow the fluid equations from Appendix
II (for a canonical coordinates obeying [ξx, ξp] = i~ converted into [a, Πa] = i) through a
generalization of the Wigner flow formalism to the WdW quantum cosmological approach.
Notice that by truncating the above sum at k = 0 one recovers the classical results.
Quantum and non-linear corrections arise from the contributions due to the infinite expan-
sion,
−1
2
∞∑
k=1
(
i
2
)2k
1
(2k + 1)!
[(
∂
∂x
)2k+1
V(x)
] (
∂
∂p
)2k
Wα(x, p; τ), (58)
which, for V(x), can be accurately described through an analytical expression. The constant
and the harmonic oscillator contribution from V(x) are easy to manipulate and do not
introduce any kind of quantum back-flow [66]. Since one has the potential proportional to
x2, the harmonic oscillator Wigner current contribution is simply given by
Jα(HO)p (x, p; τ) = −
x
2
Wα(x, p; τ), (59)
i.e. the amplitude for classical and quantum cases are the same.
Otherwise, one should pay some attention to the contribution due to the potential term
which is proportional to 1/x2 (cf. Eq. (21)) and, eventually, to perturbative contributions
due to ` x4 (cf. Sec. V)).
As to perform the analytical calculations, one first notices that(
∂
∂x
)2k+1
1
x2
= −(2k + 2)(2k + 1)!
x2k+3
, (60)
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and (
∂
∂p
)2k
Wα(x, p; τ) =
1
pi
∫ +∞
−∞
dy (2 i y)2k exp(2 i p y) F∗α(x+ y) Fα(x− y). (61)
One can then work out the sum in Eq. (58) related to the term proportional to 1/x2 in V(x)
as to have
−1
2
∞∑
k=1
(
i
2
)2k
1
(2k + 1)!
[(
∂
∂x
)2k+1
1
x2
] (
∂
∂p
)2k
Wα(x, p; τ) =
=
1
x3
∫ +∞
−∞
dy
∞∑
k=1
(−1)2k (2k + 1)!
(2k + 1)!
(k + 1)
(y
x
)2k
exp(2 i p y) F∗α(x+ y) Fα(x− y)
=
1
pix3
∫ +∞
−∞
dy
d
dε
( ∞∑
k=1
εk+1
)
exp(2 i p y) F∗α(x+ y) Fα(x− y)
=
x
pi
∫ +∞
−∞
dy (x2 − y2)−2 exp(2 i p y) F∗α(x+ y) Fα(x− y)
= xµ2
Γ(α− 1)
Γ(α + 1)
Wα−2(x, p; τ), (62)
where ε = y2/x2 < 1 has been considered, and without loss of generality, due to the Heaviside
distribution in each function F, since y ∈ [−x, x] then
d
dε
( ∞∑
k=1
εk+1
)
= (1− ε)−2.
The contribution from Eq. (62) must be multiplied by (1 − 4α2)/8 as to match the
contribution from V(x) which, once it is added to the contribution from Eq. (59), results
into
Jαp (x, p; τ) = −
x
2
(
Wα(x, p; τ) +
1− 4α2
4
µ2
Γ(α− 1)
Γ(α + 1)
Wα−2(x, p; τ)
)
, (63)
from which one obtains
Jα(Cl)p (x, p; τ) = −
1
2
Wα(x, p; τ)
(
x+
1− 4α2
4x3
)
, (64)
for the classical limit.
In fact, for τ = 0, quantum fluctuations are highly suppressed by the quasi-Gaussian
profile of the Wigner function, as it has been identified by the light-dark color scheme in
Fig. (3). The Wigner flow stagnation points are defined by orange-green crossing lines, where
Jαx = J
α
p = 0, so that quantum features are completely suppressed for the series expansion,
Eq. (58), truncated at k = 0. The classical trajectory portrait is shown as a collection of
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FIG. 3: (Color online) Features of the Wigner flow for the quasi-Gaussian wave function,
Wα(x, p; τ), in the x − p plane, at τ = 0 . Green contour lines are for Jαx (x, p; 0) = 0 and
orange contour lines are for Jαp (x, p; 0) = 0. Green (orange) contour lines are bounds for the
reversal of the Wigner flow in the x(p) direction. The plots are for E = 5, 2, 0.5, and 0, from
top to bottom, and for α = 3/2, 7/2, and 11/2, from left to right. The color scheme background
shows the Wigner function profiles of Wα for ωτ = 0, with the details of the domains quantum
fluctuations bounded by green and orange lines.
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FIG. 4: (Color online) Behavior of the Liouvillian quantifier parameterized by sech(∇ξ · u) for
the quasi-Gaussian Wigner function, Wα(x, p; τ) in the phase-space (x − p plane). Red-lines are
for ∇ξ · u = 0 and the TemperatureMap color scheme (from blue-regions, sech(∇ξ · u) ∼ 0, to
red-regions, sech(∇ξ · u) ∼ 1) reinforces the approximated Liouvillian behavior for red-regions.
Green-lines mark the zeros of the coincident values of Wα(x, p; 0) = Jαx (x, p; 0), where the ∇ξ ·u
becomes unbounded (maximal non-Liouvillian behavior). The plots are for α = 3/2 (top) and 11/2
(bottom).
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black dashed lines. The non-Liouvillian behavior [77] is depicted in Fig. (4) for arbitrary
choices of α.
Thus, by comparing expressions for the classical and quantum Wigner currents, one is
able to quantify the quantum fluctuations due to ∆Jαp (x, p; τ) = J
α
p (x, p; τ)−Jα(Cl)p (x, p; τ)
over any specific volume ∆p∆x of the phase-space.
Classicality
Given that Wα(x, p; τ) corresponds to a pure state, the global fluid behavior sets vanish-
ing values for the rate of change of purity [67, 68], P˙ (see the Appendix I). Such a behavior is
interpreted as due to phase space symmetry and closure properties [67, 68]. Therefore, only
local quantum fluctuations can be identified and quantified as a measure of non-classicality
for the Wigner flow [69].
For a periodic motion defined by closed trajectories as, for instance, those obtained from
Eqs. (47)-(49), one can associate the classical trajectory to the two-dimensional boundary
surface from the Wigner flow.
According to the results discussed in Appendix II [69], the local features of non-classicality
for periodic motions defined by classical trajectories (cf. Eqs. (47)-(49)) can be quantified
in terms of an integrated periodic probability flux enclosed by the classical surface, C, given
by (cf. Eqs. (103)-(106))
D
Dτ
Prob(C)
∣∣∣∣
τ= 2pi
ω
= −
∫ 2pi
ω
0
dτ∆Jαp (xC (τ), pC (τ); τ) pC (τ). (65)
From Eqs. (63) and (64), one writes
∆Jαp (xC (τ), pC (τ); τ) =
1− 4α2
8
(
xC (τ)µ
2 Γ(α− 1)
Γ(α+ 1)
Wα−2(xC (τ), pC (τ); τ)
+x−3C (τ)W
α(xC (τ), pC (τ); τ)
)
, (66)
with x2C (τ) given by Eq. (51), and p
2
C (τ) obtained from Eq. (45). In fact, according to the
results from Eqs. (45)-(51) the above integral can be evaluated by noticing the stationary
behavior of the multiplying factor
Sα ≡ Sα(xC (τ), pC (τ); τ) =
1− 4α2
8
(
x4(τ)µ2
Γ(α− 1)
Γ(α + 1)
Wα−2(xC (τ), pC (τ); τ)
+Wα(xC (τ), pC (τ); τ)
)
, (67)
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with dSα/dτ = 0, which sets
D
Dτ
Prob(C)
∣∣∣∣
τ= 2pi
ω
= −Sα
∫ 2pi
ω
0
dτ pC (τ)x
−3
C (τ)
= −Sα
∫ 2pi
ω
0
dτ κ1/2 sin(ωτ)
(
∆− κ1/2 cos(ωτ))−4
=
3
ω
Sα
∫ 2pi
ω
0
dτ
(
∆− κ1/2 cos(ωτ))−3 ∣∣∣∣τ= 2piω
τ=0
= 0. (68)
Given that, due to the quantum fluctuations, the integrand is non-vanishing along the
parametric classical trajectory, the above result is quite auspicious as it depicts the quantum
to classical transition of the HL scenario here described.
A second approach to quantify the quantum fluctuations can be established by the aver-
aged value of ∆Jαp (x, p; τ) over all the phase-space volume,
∆α(τ) =
∫ ∞
0
dx
∫ +∞
−∞
dpWα ∆Jαp (x, p; τ) =
4α2 − 1
2
µ2(1+α)
pi2 Γ2(1 + α)
∫ ∞
0
dx x1+4α exp
(−2µx2) ∫ +∞
−∞
dp exp (2 i x p (s+ r))×∫ +1
−1
ds
∫ +1
−1
dr [(1− r2)(1− s2)] 12 +α [(1− s2)−2 − 1]×
exp
(−µx2 (r2 + s2)) exp (2i µ˜(β,τ)x2 (s+ r)) . (69)
By following the strategy suggested by Eqs. (86)-(88) from Appendix I, one obtains
∆α(τ) =
4α2 − 1
2
µ2(1+α)
pi Γ2(1 + α)
∫ ∞
0
dx x4α exp
(−2µx2 (1 + s2))×∫ +1
−1
ds (1− s2)1+2α [(1− s2)−2 − 1] (70)
= µ
3
2
4α2 − 1
2
5
2
+2αpi
Γ(1/2 + 2α)
Γ2(1 + α)
∫ +1
−1
ds (1 + s2)
1
2
+2α
(1− s2)1+2α [(1− s2)−2 − 1] ,
where the periodic time dependence is factorized from the α dependent parameters.
The behavior of this quantity is shown in Fig. 5, where one notices that the influence
of quantum fluctuations are suppressed by increasing values of α, as it was qualitatively
depicted in Fig. 3. The action from Eq. (11) indeed yields an increasing value proportional
to α as the t integration is performed. This is consistent with the expectation that classicality
corresponds to the action, Eq. (11), S  1 (in Planck units). The results from Fig. 5 are
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FIG. 5: Quantum back-reaction quantifier, ∆α(τ), normalized by the time dependence on µ
3
2
(β,τ),
as a function of α. Notice that for α = 1/2 one recovers the (classical) harmonic oscillator result.
complemented by the flux map of Figs. 6 and 7.
Turning back to the qualitative analysis provided by the integrated flux, one should notice
that the evolution of the Wigner function fits accurately the classical trajectory, as predicted
by the sequence of Eqs. (30)-(54) from Sec. III.
Once one has α−2 ≥ 1/2 as to satisfy the condition for obtaining the analytical expression
for Jαp (x, p; τ), the qualitative interpretation of the results from Figs. 6 and 7 is not affected
by the choice of E and α. Quantitatively, the quantum distortion is suppressed by increasing
values of α, which corresponds to the transition of quantum trajectories into classical ones.
Notice that the quantum superposition described by Wα(x, p; τ) follows the classical
trajectory (thick black dashed-lines) in spite of the presence of quantum back-reaction effects
(residual red arrows) due to Wα−2(x, p; τ) along the pˆ direction.
The Wigner flow stagnation points, which are typical quantum features, are defined by
orange-green crossing lines, with Jαx = J
α
p = 0. In the quantum cosmology context, the
stagnation points vanish for M−1Pl → 0. They are identified by clockwise and anti-clockwise
vortices (winding number equals to +1 and −1), separatrix intersections and saddle flows
(winding number equals to 0). As a compensating effect, the contra-flux fringes (delimited
by green and orange lines) emerge to brake the retarded evolution of the quantum flux. The
classical profile does not exhibit such an overall locally compensation phenomena.
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FIG. 6: (Color online) First column: Time evolution of the normalized quantum Wigner flow
fields, J/|J|, scaled by the ThermometerColor scheme (from zero (blue) to one (red)) in the x− p
plane. As before, the green (orange) contour lines are for Jαx(p)(x, p; τ) = 0. Second column: Time
evolution of the dominant region (red contours) of the Wigner function, Wα(x, p; τ) superimposed
by classical trajectories (thin black streamlines). The plots are for ωτ = 0, pi/4, pi/2, and 3pi/4,
from top to bottom, with E = 1/2 and α = 7/2.
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FIG. 7: (Color online) Time evolution of the Wigner function, Wα(x, p; τ), and the corresponding
features of the Wigner flow in the phase-space (x−p plane), for ωτ = 0 (first row), pi/4 (second row),
and pi/2 (third row) (similar to Fig. 6), and E = 1/2 and α = 11/2 (first column) and α = 15/2
(second column). The quantum flows are in agreement with Fig. 6: the average values (and not
the maximal probability values) for the canonical coordinates follow the classical trajectory. With
respect to lower values of the parameter α, the quantum effects are suppressed.
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Finally, given that in the computation of the Wigner currents the quantum effects are
accompanied by the non-linear contributions of the quantum potential, the exact result,
Eq. (63), obtained from the infinite expansion from Eq. (58), guarantees that quantum
corrections have been accurately accounted for in the above analysis.
The consistence of the above results can be assessed by comparison with analyses of the
decoherence and classical correlations on the retrieval of classical behavior from the wave
function of the Universe [70]. In principle, the investigation of quantum decoherence and
of an emergence of classicality could be performed through a kind of wave packed spread-
ing mechanism in the Schro¨dinger picture of quantum mechanics. Considering that this is
rigorously suitable for the evolution of pure states, a broader description of how the loss of
information takes place into the quantum to classical transition is more properly achieved
through a density matrix description, for instance, through the Wigner-Weyl formalism,
which provides a suitable picture of the quantum to classical transition. In this picture,
decoherence takes place through a coarse-graining procedure [70, 71], which implies into
the spreading of the Wigner functions (and associated coordinate probability densities),
whereas coordinate and momentum classical correlations require a localized version of them
[70]. That is, quantum coherence is lost through a coarse-graining procedure [60, 70] where
either the density matrix is averaged over the phase-space variables or some external environ-
ment effect is considered. The decoherence triggers suppression of the correlation between
coordinate and momentum, although they coexist as the quantum pattern is suppressed
(but not destroyed) by sharply peaked quantum superpositions. That is the case of the
HL cosmological system described along this section. The quasi-Gaussian sharpness of the
resulting Wigner functions guarantees the correlation between averaged values of position
and momenta, at the same time that the quantum pattern is still present in the adjacent
quantum fringes, as it can be seen in Figs. 3 and 4. Hence, no decoherence effect takes place
in this framework.
According to Hartle and Geroch prescriptions for quantum cosmology [72, 73], likewise in
the quantum mechanics standard interpretation, peaks in the quantum (quasi) distribution
function are equivalent to predictions in quantum cosmology and, for the HL coherent peaked
superposition discussed here, the resulting quantum dynamics is consistent with the classical
correlation between position and momentum in a phase-space description.
Of course, it is worth mentioning that our description is achievable thanks to the mathe-
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matical manipulability of the Weyl transformed of the associated Laguerre polynomials that
describe the HL eigensystem. Pure states corresponding to sharply peaked quasi-Gaussian
wave functions are built without additional constraints, and these can be compared with
those resulting from coarse-graining methods, required to set up the decoherence process.
Given that no decoherence mechanism takes place in our framework, the quantum to clas-
sical transition is highly constrained by the choice of the HL cosmology, namely by the
analytical manipulability provided by the WdW wave functions, and by the corresponding
Wigner functions. In comparison, the WKB approximation and the coarse-graining proce-
dure suggested in Ref. [70] is more general. In fact, a crucial point for the accuracy of the
WKB analysis [70] is the significance of the O(~) quantum corrections. This is irrelevant
at our scenario of HL cosmology where all orders in ~ are absorbed in our procedure (cf.
Eqs. (38), (43), and (62)). In the WKB approximation, quantum corrections are suppressed
even though quantum interference fringes yield a Wigner function with a very large number
of peaks which average to zero. In quantum cosmology, these cannot be neglected as their
contribution yields observable averaged values. Therefore, in some cases, it suppresses the
classical correlations. This is not the case at our HL approach, where the quasi-Gaussian
quantum superposition in the phase-space guarantees the effectiveness of a WKB analysis6.
However, the same cannot be asserted, for instance, to the following discussion of an anal-
ogous bounce model where, as one shall see, the presence of quantum interference effects is
only completely captured by exact Wigner functions.
Wigner flow and quantum effects for bounce models
One of the fundamental questions in quantum cosmology concerns the initial singularity.
Once the quantum cosmology in the minisuperspace framework admits a universe described
by a wave function satisfying the WdW equation, some simple analytical extensions of the
6 In particular, for the HL associated classical dynamics driven by the Hamiltonian Eq. (44), the classical
time variable is identified with τ from the quantum framework, as to guarantee the reproduction of classical
trajectories by the HL wave function quantum superpositions from Eqs. (28)-(30). Such a correspondence
provides the elements for identifying τ with the WKB semiclassical time [17] in a generalized analysis
where (cf. Ref. [71], pag. 402) the classical probability density is proportional to the time that the particle
spends in an interval ∆x such that the coarse-grained quantal probability density agrees with the classical
probability density.
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WdW solutions set constraints into the general features of the probability, time and ensued
boundary conditions [4]. In fact, several hypothesis for circumventing the initial singularity
have been suggested such as, for instance, the no-boundary and the tunneling proposals
[8–10, 13].
For the HL models considered in this manuscript, an equivalent bounce model is ob-
tained through the extension of the coordinate a (or x) from (0,∞) to (−∞,∞), with a
quasi-singularity at a = 0. It means that despite the presence of a potential barrier at
a = 0, the wave functions from left to right are probabilistically connected. It can be imple-
mented on the above obtained results by simply suppressing the step-functions Θ(x) from
the integration Eqs (34)-(43).
The corresponding result for the Wigner function should then read
WαB(x, p; τ) =
1√
pi
Γ(3/2 + α)
Γ(1 + α)
(µx2)1+α exp
(−µx2)
1
2
+α∑
k=0
x−(1+2k)
Γ(1 + k) Γ(3/2 + k + α)
dk
dµk
[
µ−1/2 exp
[
−(p+ µ˜x)
2
µ
]]
, (71)
which, as can be seen from Fig. 8, it introduces some novel quantum features to its time
evolution and the associated currents. In Fig. 8 the origin of quantum fluctuations on the
right-hand side is due to the probabilistic connection to the left-hand side. Even with such
quantum fluctuations, for semi-integer values of α one has exactly the same result for the
purity of the associated quantum superpostion. As before, the local fluctuations does not
affect the global evolution of the purity for such quantum superpositions.
V. PERTURBATIVE INCLUSION OF THE COSMOLOGICAL CONSTANT AND
THE AGE OF THE UNIVERSE
Let one now turn back to the expressions for the Wigner currents, Eqs.(57)-(63). The
inclusion of perturbative contributions due to ` x4 leads to the following additional contri-
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FIG. 8: (Color online) Bounce HL cosmology with time evolution of the quasi-Gaussian Wigner
function, Wα(x, p; τ) in the phase-space x − p plane. Plots are for ωτ = 0, pi/4, pi/2, and 3pi/4,
from top to bottom (similar to Fig. 6), with E = 1/2 and α = 7/2. The quantum features exhibited
by the contour lines are in correspondence with Fig. 6.
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bution to the Wigner current,
Jα(`)p (x, p; τ) =
`
2
(
2x3 − 2× 3× 2
2× 3! x
(
∂
∂p
)2)
Wα(x, p; τ)
=
`
2
(
2x3Wα(x, p; τ) +
2x
pi
∫ +∞
−∞
dy y2 exp(2 i p y)F ∗α(x+ y) Fα(x− y)
)
=
`
2
(
4x3Wα(x, p; τ)− 2x
pi
∫ +∞
−∞
dy (x2 − y2) exp(2 i p y)F ∗α(x+ y) Fα(x− y)
)
= 2`x3
(
Wα(x, p; τ)− 1
2x2
1
pi
∫ +∞
−∞
dy (x2 − y2) exp(2 i p y)F ∗α(x+ y) Fα(x− y)
)
= 2`x3
(
Wα(x, p; τ)− 1
2µx2
α+ 2
Γ(α+ 1)
Wα+1(x, p; τ)
)
. (72)
Since the background structure of Wα(x, p; τ) does not change, the results due to Eq. (72)
can only be considered perturbatively. Fig. 9 shows the time evolution of the Wigner flow
(background arrows) for the perturbed HL quantum superposition in the presence of a
cosmological constant parameterized by `. Notice that lighter regions correspond to the
probabilistically more relevant components of the Wigner flow bound by the unperturbed
Wigner function, Wα(x, p; τ), that moves periodically according to µ(β,τ) and µ˜(β,τ). The
added perturbation due to the cosmological constant (proportional to minus x4) yields con-
ditions for quantum tunneling, which can be observed for times ∼ ωτ as depicted in Fig. 9 for
` = 0.022. In the pictorial representation shown in Fig. 9, the Wigner function approaches
the perturbative barrier (cf. Fig. 1) depicted by lighter regions which extend over a larger
region of the phase-space. This means that part of its probabilistic contribution arises from
tunneling (or transmission over the barrier) creating a novel cosmological phase driven by
the perturbative current components, J
α(`)
p (x, p; τ) (outside the barrier).
To quantitatively understand the above described dynamics [83], one can identify the total
Wigner flow momentum direction component described by J
α(Tot)
p (x, p; τ) = Jαp (x, p; τ) +
J
α(`)
p (x, p; τ), with the contributions for incident (background blue arrows for p > 0), trans-
mitted (yellow arrows for p > 0) and reflected (orange arrows for p < 0) as depicted in
Fig. 9, such that
incident flow → Θ(+p) Jαp (x, p; τ),
transmitted flow → Θ(−p) Jα(`)p (x, p; τ),
reflected flow → Θ(−p) (Jαp (x, p; τ) + Jα(`)p (x, p; τ)).
By observing that any component Jαp has an even parity with respect to p → −p, and
31
that Θ(+p) + Θ(−p) = 1, with ∂pΘ(+p) = −∂pΘ(−p), one has∫ +∞
−∞
dp ∂pJ
α(Tot)
p =
∫ +∞
−∞
dp ∂p[Θ(+p) J
α
p + Θ(−p) (Jαp + Jα(`)p ) + Θ(+p)Jα(`)p ]
=
∫ +∞
0
dp ∂pJ
α
p −
∫ +∞
0
dp ∂p(J
α
p + J
α(`)
p )−
∫ +∞
0
dp ∂pJ
α(`)
p . (73)
In addition, from the continuity equation for the momentum component (cf. Eq. (96) in
the Appendix II), one has
d
dτ
|G(p; τ)|2 =
∫ +∞
0
dx ∂pJp(x, p; τ), (74)
which vanishes7 after a symmetric integration over p. By substituting the result from Eq. (73)
into the p-integrated version of Eq. (74) one has∫ +∞
0
dx
[∫ +∞
0
dp ∂pJ
α
p −
∫ +∞
0
dp ∂p(J
α
p + J
α(`)
p )−
∫ +∞
0
dp ∂pJ
α(`)
p
]
= 0, (75)
where, in the integrand, the first term is associated to the incident probability which, of
course, is shown to be equal to unity, the second term is associated to the reflection prob-
ability, R, and the last term is associated to the transmission probability, T , so that one
consistently obtains R + T = 1.
The quantity T written in terms of
T ≡ T (ωτ) =
∫ +∞
0
dx
∫ +∞
0
dp ∂pJ
α(`)
p (x, p; τ)
=
∫ +∞
0
dx(Jα(`)p (x, ∞; τ)− Jα(`)p (x, 0; τ))
= −
∫ +∞
0
dxJα(`)p (x, 0; τ) (76)
defines the transmission (or decaying) rate, from which one can compute the age of the
Universe.
By substituting Eq. (72) into Eq. (76) one obtains
T (ωτ) =
∫ +∞
0
dx
∫ +∞
0
dp ∂pJ
α(`)
p (x, p; τ)
= −2`
∫ +∞
0
dx x3
(
Wα(x, 0; τ)− 1
2µx2
α + 2
Γ(α + 1)
Wα+1(x 0; τ)
)
, (77)
7 It has been fit to the adequate interval of x ∈ (0,∞).
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FIG. 9: (Color online) Complete profile of the Wigner flow (streamlines) for the perturbed HL
quantum system in the presence of a cosmological constant. The Wigner function background color
scheme denotes higher values for lighter regions and lower values darker regions. The amplitude
of the Wigner function modulates the (unscaled) arrows. Streamlines indicate the Wigner flow
(normalized to each point) for transmitted (yellow arrows, p > 0) and reflected (orange arrows,
p < 0) currents (since they are normalized to each point, the streamline plot corresponds to values
of J/|J|, therefore only the flow direction is relevant). Results are for E = 2, α = 11/2, and
` = 0.022 (for convenience) and for ωτ = pi/4, pi/2, 3pi/4 and pi, from top to bottom.
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which results into a symbolic expression that be approximated by a constant value given by
T (ωτ) ' 2`× 10 3α10−2 = 2g1/2
C
g
Λ
g2
C
× 10 3α10−2 = g
1/2
C
18pi2
Λ
M2Pl
× 10 3α10−2, (78)
where, in the last step, the quantities have been written in terms of Planck units and
g
Λ
g2
C
=
1
36pi2
Λ
M2Pl
.
Given that the transmission probability through the barrier is provided by the cosmological
constant contribution to the cosmic inventory, Ω
Λ
, then
T (ωτ) ' ΩΛ
ωτ
=
1
2g
1/2
C
Ω
Λ
τ
. (79)
The contribution, Ω
Λ
, is estimated to be
Ω
Λ
=
g
C
g0
36pi2
× 10 3α10−2 × τAge, (80)
where Λ = g0M
2
Pl/2. Finally, as to recover the current (phenomenological) age of the Uni-
verse, τAge ' 8 × 1060TPl, for ΩΛ ' 0.7, from typical values, gC ' 1 and g0 ' 10−123, one
should have 10
3α
10
−2 ' 1.5×1061, which leads to α ∼ 210 and is not affected the contribution
from radiation and stiff matter components since ΩR ∼
√
ΩS for large values of α.
VI. CONCLUSIONS
The Wigner function and the corresponding Wigner flow for the HL quantum cosmology
in the minisuperspace approach have been examined so to visualize the transition from
quantum to classical cosmological behaviors in the presence of radiation, curvature and
stiff matter components. In particular, it has been shown that a quantum mechanical
parameterization of time as the variable canonically conjugated to the radiation energy
density contribution to the HL Hamiltonian is consistent with the classical time evolution.
In general, the classical limit for quantum cosmologies described by HL minisuperspace
models are difficult to obtain due to the pattern of oscillations of the Wigner functions. To
study the transition from quantum to classical cosmology, the HL model has been described
in terms of its Wigner currents. Our result shows that the averaged quantities obtained
from the quasi-Gaussian Wigner function built from the solutions of the WdW equation
for the HL quantum mechanical problem coincide with the equivalent classical trajectory of
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the Universe. In particular, the classical trajectory matches almost perfectly the maxima
of the peak of the Wigner function, with increasingly high accuracy for higher values of the
parameter α, associated to the stiff matter contribution.
Besides providing an identification with the corresponding classical cosmology, the ex-
act expressions for the Wigner currents show an approximated Liouvillian character for the
Wigner flow. In addition, a cosmological constant contribution breaks the oscillatory be-
havior of the Wigner flow due to radiation, curvature and stiff matter contributions and
introduces a novel quantum decaying scenario which allows for estimating the age of the
Universe. Moreover, an extension for a kind of bounce model, which extends the space-like
coordinate limit from −∞ to +∞, reveals an interesting pattern of quantum interference
that produces an identifiable distortion of the Wigner flow.
Finally, it is worth mentioning that the procedure discussed here can be extended to
other quantum cosmological scenarios as, for instance, to Kantowski-Sachs [74, 75] and
modular quantum cosmologies [76]. Furthermore, the problem of reaching the classical limit
through coarse-graining arguments can be considered by the inclusion of additional friction
and diffusion terms in extended versions of our proposal through a deformed quantization
formalism.
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Appendix I – Normalization and Purity of the Wigner function, Wα(x, p; τ)
From Eq. (34), the normalization condition over Wα(x, p; τ) can be verified through some
simple mathematical manipulations. Firstly, one notices that∫ ∞
0
dx
∫ +∞
−∞
dpWα(x, p; τ) =
2µ1+α
pi Γ(1 + α)
∫ ∞
0
dx x2(1+α) exp
(−µx2) ∫ +∞
−∞
dp exp (2 i x p s)×∫ +1
−1
ds (1− s2) 12 +α exp (−µx2 s2) exp (2i µ˜ x2 s) , (81)
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where y has been parameterized as y = x s and µ and µ˜ follows from Eqs. (31) and (35),
respectively. By observing that∫ +∞
−∞
dp exp (2 i x p s) = 2pi δ(2x s) =
pi
|x|δ(s), (82)
after substitution into Eq. (81), an integration over the variable s yields
pi
|x|
∫ +1
−1
ds δ(s)(1− s2) 12 +α exp (−µx2 s2) exp (2i µ˜ x2 s) = pi|x| , (83)
and then ∫ ∞
0
dx
∫ +∞
−∞
dpWα(x, p; τ) =
2µ1+α
Γ(1 + α)
∫ ∞
0
dx x(1+2α) exp
(−µx2) = 1. (84)
By following a similar strategy, given the purity (cf. Eq. (27)),
P = 2pi
∫ ∞
0
dx
∫ +∞
−∞
dp (Wα(x, p; τ))2 , (85)
one notices that∫ ∞
0
dx
∫ +∞
−∞
dp (Wα(x, p; τ))2 =
4µ2(1+α)
pi2 Γ2(1 + α)
×∫ ∞
0
dx x4(1+α) exp
(−2µx2) ∫ +∞
−∞
dp exp (2 i x p (s+ r))×∫ +1
−1
ds
∫ +1
−1
dr [(1− r2)(1− s2)] 12 +α exp (−µx2 (r2 + s2)) exp (2i µ˜ x2 (s+ r)) . (86)
After substituting∫ +∞
−∞
dp exp (2 i x p (s+ r)) = 2pi δ(2x (s+ r)) =
pi
|x|δ(s+ r) (87)
into Eq. (86), an integration over the variable r gives∫ ∞
0
dx
∫ +∞
−∞
dp (Wα(x, p; τ))2 =
4µ2(1+α)
pi2 Γ2(1 + α)
×∫ ∞
0
dx x(3+4α) exp
(−2µx2) ∫ +1
−1
ds (1− s2)1+2α exp (−2µx2 s2) . (88)
By evaluating the integral over x, one has∫ ∞
0
dx x(3+4α) exp
(−2µx2 (1 + s2)) = 1
23+2αµ2(1+α)
Γ(2(1 + α))
(1 + s2)2(1+α)
, (89)
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which can be substituted into Eq (88) as to give∫ ∞
0
dx
∫ +∞
−∞
dp (Wα(x, p; τ))2 =
1
21+2αpi
Γ(2(1 + α))
Γ2(1 + α)
∫ +1
−1
ds
(1− s2)1+2α
(1 + s2)2(1+α)
=
1
22+2αpi
Γ(2(1 + α))
Γ2(1 + α)
√
piΓ(1 + α)
2Γ(3/2 + α)
=
1
2pi
, (90)
that confirms that P = 1 for Wα(x, p; τ) defined by Eq. (34).
Appendix II – Wigner flow and phase-space quantum information quantifiers
Interesting quantum aspects of a physical system can be revealed by the time evolution
of the Wigner function [77, 78], W (ξx, ξp; t), when it is cast in the form of a vector flux
J(ξx, ξp; t) [79–81]. This flow drives the quasi-probability density in the phase-space as well
as it reproduces the dynamics of a quantum system. Written in the form of a continuity
equation [64, 71, 77]
∂W
∂t
+∇ξ · J = ∂W
∂t
+
∂Jx
∂ξx
+
∂Jp
∂ξp
= 0, (91)
through the ξx − ξp decomposition, J = Jx ξˆx + Jp ξˆp, with
Jx(ξx, ξp; t) =
ξp
m
W (ξx, ξp; t), (92)
Jp(ξx, ξp; t) = −
∞∑
k=0
(
i ~
2
)2k
1
(2k + 1)!
(
∂
∂ξx
)2k+1
V (ξx)
(
∂
∂ξp
)2k
W (ξx, ξp; t), (93)
the probability density, |F(ξx; t)|2, and the momentum distribution |G(ξp; t)|2, are related
one to each other by
G(ξp; t) = (2pi~)−1/2
∫ +∞
−∞
dξx F(ξx; t) exp(i ξp ξx/~), (94)
and have a time evolution given by
d
dt
|F(ξx; t)|2 =
∫ +∞
−∞
dξp ∂ξxJx(ξx, ξp; t) = ∂ξxjx(ξx; t), (95)
d
dt
|G(ξp; t)|2 =
∫ +∞
−∞
dξx ∂ξpJp(ξx, ξp; t) = ∂ξpjp(ξp; t). (96)
Of course, the first of the above equations has a quantum analog in the coordinate
representation, that is ∫ +∞
−∞
dp Jx(ξx, ξp; t) = jx(ξx; t).
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For the purpose of comparing classical and quantum dynamics, one firstly identifies the
classical Hamiltonian phase-space velocity, ξ˙ = vξ = (vx, vp), associated to a coordinate
vector ξ = (ξx, ξp), so to have the classical flow field given by J = vξW , with vx = ξ˙x = ξp/m
and vp = ξ˙p = −∂V/∂ξx. The analogy with fluid dynamics is indeed much more intuitive in
the classical regime for which Eq. (93) reduces to the Liouville equation. In particular, the
classical velocity for time independent conservative systems is divergence free, i.e. ∇ξ·vξ = 0.
In this case, to compute time variation of the integrated probability for a volume of fluid
bound by an enclosing path, C, which moves with vξ(C) = (ξp/m, −∂V/∂ξx), Eq. (91) is cast
in the form of
∂W
∂t
+∇ξ · (vξ(C) W ) = 0, (classical). (97)
By observing that the convective derivative operator [77] corresponds to
D
Dt
≡ ∂
∂t
+ vξ ·∇ξ, (98)
one can rewrite the continuity equation, Eq. (97), as
DW
Dt
= −W ∇ξ · vξ, (99)
which corresponds to a conservation law whenever DW
Dt
= 0. It establishes that the fluid-
analog is Liouvillian and incompressible.
Otherwise, for the quantum case described by Eq. (91), J may be associated to uW , and
a typical non-Liouvillian [84] flow can be recognized through the divergence pattern of u,
∇ξ · u 6= 0. The Wigner phase-velocity, u, the quantum analog of vξ(C), exhibits a subtle
unbound divergent behavior expressed by
∇ξ · u = W ∇ξ · J− J ·∇ξW
W 2
, (100)
where ∇ξ · J = W∇ξ · u + u ·∇ξW . The condition that sets ∇ξ · u 6= 0 is quite helpful in
identifying an approximated Liouvillian dynamics in the phase-space.
Besides producing a picture of the local quantum distortions, the operator∇ξ ·u has also
a closed relation with the rate of change of the purity [85] as given by [69]
1
2pi
DP
Dt
+ 〈W ∇ξ · u〉 = 0. (101)
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The rate of change of P is driven by quantum distortions over the background Liouvillian
flow. From Eq. (93), it is possible to demonstrate that the purity is only locally affected
since, once integrated, one has
DP
Dt
∝
∫ +∞
−∞
dξpW
(
∂
∂ξp
)2k+1
W (ξx, ξp; t) = 0, (102)
i.e. the purity is a constant of the motion if the integration volume is extended over all the
phase-space, or even over a symmetric interval in the momentum direction, for the cases
where W is symmetric in ξp.
In what concerns the quantum cosmological solutions discussed in the body of the paper,
a quantifier of quantum fluctuations is given by the averaged value of ∆Jp(ξxC (t), ξpC (t); t)
(corresponding to ∆Jαp (x, p; τ) for the cosmological canonical variables) over all the phase-
space volume. For periodic motions defined by classical trajectories parametrized by C [69],
one can assign to the classical trajectory the role of a two-dimensional boundary contour for
the Wigner flow. In this case, the integration of the dependent expression for ∂W/∂t over a
volume VC enclosed by C, results into∫
VC
dV
∂W
∂t
=
∫
VC
dV
(
DW
Dt
− vξ(C) ·∇ξW
)
=
D
Dt
∫
VC
dV W−
∫
C
dV ∇ξ ·(vξ(C)W ), (103)
which, upon substitution into an integrated version of Eq. (91), leads to
D
Dt
∫
VC
dV W =
∫
VC
dV
(∇ξ · (vξ(C)W )−∇ξ · J) , (104)
which vanishes in the classical limit, i.e. when u ∼ vξ(C).
To identify the quantum corrections in terms of ∆J = J − vξ(C)W , one computes the
variation of the integrated probability flux enclosed by the classical surface, C, in terms of
an integral over a path given by
D
Dt
∫
VC
dV W =
D
Dt
Prob(C) = −
∫
VC
dV ∇ξ ·∆J = −
∮
C
d`∆J · n, (105)
where the unitary vector, n = (−ξ˙pC , ξ˙xC )|vξ(C)|−1, is orthogonal to vξ(C). By following the
parameterization of the line element, d` ≡ |vξ(C)|dt, one has
D
Dt
Prob(C)
∣∣∣∣
t=T
= −
∮
C
d`J · n = −
∫ T
0
dt∆Jp(ξxC (t), ξpC (t); t) ξ˙xC (t), (106)
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where ξxC (t) and ξpC (t) are typical classical solutions, T is the period of the classical motion,
and ∆Jp(ξx, ξp; t) is given by Eq. (93) for k ≥ 1.
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